Math 1060 — 3.1 Notes
Basic Trigonometric Identities

We have already seen the following identities:

Reciprocal Identities:

. 1
sinx = COS X = tanx =
cscx secx cotx
1
CSCX = — secx = cotx =
sin x Cosx tan x

Tangent and Cotanget in Terms of Sine and Cosine:

sin x COS X
tan x = cotx =—
CoS X sin x

The Fundamental Identity:

sin® x+cos*x=1

If we divide each term of the fundamental identity by sin® x or cos? x, we can derive two more identities.
These are called Pythagorean Identities because they are related to the Pythagorean Theorem:

sin®x  cos®x 1
+ =

sinx  sin’x sin’x
2
1+cot’> x=csc’ x

sin®x  cos’x 1
o _

cos’x cos’x cos’x
tan® x+1=sec? x

Simplifying Expressions

We can use the identities above to simplify trigonometric expressions. One of the most common strategies is to
start by rewriting the expression in terms of sines and/or cosines, then simplify from there.

Examples:
Sinx% ]
Ll = Cos ¥ sinx+cotxcosx = Hanscier =
secx ——— sec x
BN, R oS ¥ \ COSH :
= Sinx + ( - (slnx \
N Sin X g ———COSX_ 3N
AN . 1
= , LoSX SINX 4 coSX ) <Cosx
: sin x\Sin X = N,V COSXE
STA% Y Sax
R4 4 CO$><
c2 2
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=[CsC X



Writing One Function in Terms of Another

We sometimes want to write one identity in terms of another. For example, we could write the cosine function

in terms of the sine by solving the fundamental identity to get cos x =++/1—sin” x .

Examples:

Write the tangent in terms of the sine. Write the cotangent in terms of the cosine.
Sin % Sin?x +cos?x = |

tan X = =———— : .
oS % SMtx=)-ces®x Smx=t Ji-cne?x
Sin X Cot x = €08 X . /1o x

an X = sin X
t tJI-srn*x TJI-cos®x
Using Identities to Find Function Values

If we know the value of one trigonometric function for an angle, we can use trigonometric identities to find the
values of the other five functions.

Examples: oS X 4 Sec . are pogihve
v
If tanax = —2/ 3 and « is in quadrant IV, find the values of the remaining five trigonometric functions.
Z
cot N_Z’“ - l+Cot "o =cScd
{ = 2
tan®g + |= Scczo\ 74 < SeL_bs [+ Y = csc’A

_ T3/ -
('2/3)+l = Sec?an | Seex=74: ’%243—6—3’( -
A;-H-Sec A oS & = ‘ =2 cscrz =J'9g=" %
Odd and Even Identities ¢ seex JT'Z/B = S ok }i/) [ — 5
N = ccca ~I3/ Ny

An odd function is a function for which f (—x)=—f(x), and an even function is one for which

f(=x)=f (x). The graph of an odd function is symmetric about the origin, and the graph of an even function

is symmetric about the y-axis. Of the six trigonometric functions, the cosine and secant are even, and the others
are odd.

Odd:  sin(—x)=—sinx csc(—x)=—cscx
tan(-x)=—tanx  cot(—x)=—cotx
Even: cos(—x)=cosx sec(—x)=secx
Examples:
1 1 - l |
csc(—x)tan(—x) = + =~ +

1+cos(—x) 1—cosx | + oS X [ - Cog X
(-cse x ) (~tan x) =

[*YCos X \
- oS =
CSC X ton X = ,_zsx><1+m57<> ( t—cc5><> ]+ c.;s><>

] . Sin X _ |
SINX  cog % l-cos®+|tcos X 2

— = [ + CoS x | -cos?x
L _/sec x| (1-cos X! )

2 )




Math 1060 — 3.2 Notes
Verifying Identities

It is often necessary to determine whether two expressions are equivalent to each other. We can use the
approaches from the previous section to verify whether equations are identities.

Multiplying and Factoring Polynomials Involving Trigonometric Functions

We must often multiply binomials or factor trinomials involving trigonometric functions when we verify
identity.

Examples:
Multiply (1+tan x)(1-tanx) = Multiply (2sinx+1)" = (2 X + 0(;2 St X+ \)
| ~tan = + tan x - tantx =43*X + 2 gn X+ 2Sin X + |

=Zl-tam">< i :A‘/S/‘V)ZX—,L‘/S)'V\X J-U
Factor sec’ x—tan’x = Factor sin® x+sinx—2 = « 241
) I
[E;:X +tan x)(Sec X - tan x)//gs’z;mﬂ)(smx—g) -2, } oy

A General Strategy for Verifying Identities

1. Work on the more complicated side first.

2. Rewrite the side you are working with in terms of sines and cosines only.

3. Multiply the numerator and denominator of one rational expression by either the numerator or
denominator of the other.

4. Write a single rational expression as a sum of two rational expressions.

5. Combine a sum of two rational expressions into a single rational expression.

6. If both sides simplify to a third expression, then the equation is an identity.

Examples:

Verify that 1+sec xsin x tan x = sec” x is an identity.
| + (._.’.ﬁ SINX /SN K _ 2
CosX ! cos X/ sec X
Sin%®x  _ 2 5

| + tan?x = Sec?*X

cosx _l+sina

Prove that is an identity.

l-sinex cosa a5
ws X T /ltdn o&> (’” Sinx £ = . COS X F
- sin o CoS O\ )- SN« |- Sin ol (-2 ®
(os S _ | =Sin%a
[-sindt — cos o (1-Sin X)
coS ™ CoS “
~—~— —— ~—

-~
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cscx—sinx

Prove that —————— = cot” x is an identity.
sin x
.2
- . -2l
S = Ccot’x Sin X - ¢cot X , ]
Sim X S’ X cot x = ot *x
-2
| I In X CC>$Z3( o
Ll SR o ‘% > . L = et
_ Cot SINXx <Smx
S X -
Cos “x .
§)tﬂz>< — C’O‘t X
Prove that —2cot” x= ! ! is an identity.
l1-secx 1+secx
-2 cot?x = /! ( +secx (___l*__ (1—S€c><
1 gecx/\ | +Sec x { +S€C % |-Sec x
40 eot®x 2 JrBecx +l-gec X £4n"x + | = Sec®x

- 2
-2 ot ¥x _za_.,_é//_,///
- tqntx

“R Cot?x = -2 cot X

1-sin’¢ _ 1+sin(-r)

i}

Prove that N =) = . is an identity.
—csc(— csc
; -S) tS)
I-Sin?t _ | -sip + (l SIV}'{:XI \Sm-&> _ '31‘!/\%6—3?4{}
[+esct ese _§L§"_\,L';—.
—gin t)1tsint) _ j-gy . \
q s X ) fl/i':jc (Z'SMtXW)(é:i;%:%%W)
Sin t \
(1-Siwm ‘t}(H-Smt) {V\'t(l'Sl\V\-Q Sin t (l—-ﬁm -£> = S -E(I-SM%)
Sind . L. - v
Sint 15”;"7
Show that i%—(t);t) = tan (—¢)cos(—¢) is an identity.
[- Cos?+
———— 2 (~tmn 1) (¢St
o 2 G t)eest)
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Math 1060 — 3.3 Notes
Sum and Difference Identities for Cosine

Often, an angle can be expressed as a sum or difference of two angles for which we know the exact values of

the trigonometric functions. We can use sum and difference identities to find the exact values of the
trigonometric functions of our angle of interest.

cos(a + ) =cosacos f—sinasin

cos(a — f8) = cosa cos B +sinasin

Mnemonic: “Cosine changes the silly sign.”

Examples: Write the following angles as sums or differences of two other angles whose trigonometric

functions can be calculated exactly:

. S 7 s ® s Gb=ge” . 306%+43° 0 (500:_‘}50.;
105 :ﬁgssi%%o° 15 = gge 500 345° = 315°+ 36° 195 = 35°+ ¢o
2z A 3 12 2 7 12 4 3 12 @ F
Bn. W L T 1 i LI | =115 T
IS T ) T
Find the exact value of cos(75’ ) Find the exact value of cos (E)
Cos (355 +457) = . S (5-T4) o
Cos 30°¢oS 4SS - Sin 3\)(1"&\"/\ 4g cos (V3) cos (W4) + 5|'V\§§/3)$M(/4)
JR { . Ne _Ja _ [Je-J3 f J2; J3 2
(B)B) - (D(E) = 5 -5 < [fef? (VR)CH) + (V) e,

Use appropriate identities to simplify each expression:

c0s849°cos 4° +sin 49°sin 4°

-
-

o8 (49°-4°) < cos (45) :

Find the exact value of cos(a - )

V4 + o = (4TS

cos(x)cos(—5x)+sin (—x)sin (5x
=0 s(x) cos(8x) + (s (O) Sin (5x)
2 oS (N) oS (5x) -~ M (x)SIn (5%
= Cog (X +5x) cos (ex)
if/‘éina =—4/5 and cos f#=12/13. a is in Quadrant IIL. # is in Quadrant IV.

<Ok -3 (2 Cos(A-8) = cosd cos@+sMKSInG
Lewzzm [ BdY s p=% = 36)('%a) + (- ) (54
4. g - 3405+ 25 e = e
Cofunction Identities Y= -Ji3%i2%s -5

Sine and cosine are cofunctions, secant and cosecant are cofunctions, and tangent and cotangent are
cofunctions. Each function can be related to its cofunction by a simple cofunction identity.

. T .
SIn| ——u |=cosu COS| ——u |=SInu
2 ] (2 )

V.4 V.4

tan ——u]:cotu cot| ——u |=tanu
2 2
V.4 V.4

sec| ——u |=cscu csC| ——u |=secu
2 ) (2 ]

Examples: Use appropriate identities to simplify each expression.

sin(65°)sin (5°) +sin (-25°)sin (~85°) | cos (/2 —a)cos(-a)—sin(~a)sin (o —z/2
Sin (657 gin (5°) + (- gin 257))(-in (&6°))
$1 (65%) siv (5°) + Sin ézS") Sin (85°)
o (25°) tos (B5) + sin (25°) sin (857)

Sindcosd - Sind cos® =15
(=3 L X e ~ |t
cos (25°-857) = cos (~607) =|Va)

SN R CoSA ~(-sin O()GSW\ -(‘%&';‘O(B
Sn&cesd + (sim a)(-Sin (Tr-a)

Z



Math 1060 — 3.4 Notes
Sum and Difference Identities for Sine and Tangent

There are also sum and difference identities for sine and tangent:

sin(a + ) =sina cos B +cosasin B

sin(a — ) =sinacos B—cosasin

tan o —tan
tan (o — ) =20 —tanf
I+tanatan §
Mnemonic for sine sum/difference: “Slytherin children are consistently sneaky.”
1 pt. extra credit if you can come up with more helpful mnemonics for these identities.

Examples:
Find the exact value of sin(7 3 ) Find the exact value of sin(7/12).
Sin (36°+45°) 2 ) sin (Va-T4) =
Sin 30°cos 45° + o8 B0 Sin 4S = Sm V3ot T — cos /BSW'%
() () + (36)("3%) = = (3)(738) - (=)=
VR + J 6 = Ve — V=
S ki
Find the exact value of tan(l 5 ) Find the exact value of tan(57/12).
tan (L67-4s5°)= tan (T4 +T4) - tan %, +ban 7
tan (0° —tan 45" _ JZ | (= tan Vo toon T
m° EZ5.0) At ’—flzf e
TZ-1 I= (%))~ N
el \r‘g

Find the exact value of sin(a + A ) if sine =-3/5 and cos f = —1/3 with & in Quadrant IV and S in
Quadrant III.

SiN (o<+,5> Sin o((;os/é+ coS o SmB
= (-28)(-14) +(16)( 7 )
- S &J = _ m/




Math 1060 — 3.5 Notes
Double-Angle and Half-Angle Identities

Using the sum identities from the last section, we can derive more formulas called the double-angle
identities:
sin(2x) =sin (x +x) = sin x cos x + cos xsin x = 2sin x cos x

cos(2x) = cos(x+x) = COS X COS X —sin xsin x = cos® x —sin’ x
cos(2x) = cos’ x—sinzxz(l—sin2 x)—sin2 x=1-2sin’ x
cos(2x) = cos® x—sin” x = cos’ x—(1—0052 x>=2cos2 x -1

tan x + tan x 2tanx

tan(2x)-tan(x+ ) 1- tanxtanx_l—tan2x

27
Example: Find sin-2£, cos— 2z , and tan— using double-angle identities.

sin (%)= sin (2°T3) | (oS (7%) cos (2-T8) | 4w (374)= Lan (2~ T%)

2 - +awn /
= asin () cos(T = Cos*(V5)-sin*(T%) = f,_ﬂj_
S"’ y i 2 53 2. V) /3)
= 2( 3/a></9>= = C,E) -(%) T B3 | 2V3 a3

3 .72 . L=(v3)* ~ - = ——
e Ny A
1-5/

Example: Use the double angle identities to verify that cos (3x) =cos’ x—3cosxsin’ x is an identity.

Gos (3x) = cos (ax + x)= CoS Ax CoS X — S/ 2x S X
(cos® % —sin?x)(cos x) — (2 Six cos x)(sin x)
Cos>X — 5MTX oS X - R SiN?X Cos X = CosS® x - 3s/m?x cogy

o

We can use the double-angle identities to derive identities for sin(x/2), cos(x/ 2), and tan(x/ 2). We call these
the half-angle identities.

To get identities for cos(x/2) and sin(x/2), we solve two of the equations for cos(2x) for sinx and cos x.

2cos” x—1=cos (2x) 1-2sin’® x = cos (2x)
»__ l+cos(2x) =
cos x=——2— ~2sin’ x = cos(2x) -1
S 1+cos(2x) Sin? = 1-cos(2x)
2 2
i 4 1-cos(2x)
2

Since these equations work for any value of x, they also work if we replace x by (x/ 2) :




sin (V) = Sin (% +2)

-

—~

3]

) X
We can then use these formulas to derive formulas for tan—z—:

1—cosx % sin x
= tan— = tan

X X _1l—cosx
2 " Vil+cosx 2 1+4cosx 2  sinx

tan

. .. . T 4 b4
Examples: Use the half-angle identities to find the exact values of sin=, cos—, and tan—.

tan (3)=4an(%3)
- —cos(T)
- |-

2
\T—,’_‘T—*
=
a-J?z

Example Prove that sin ( jcos (ZJ: il

=/ J2
B -1
BB =

R o)

= S
1S an identity. =

e
&
S

AT A=)
= (Lmces) [ Legosx)

=~ l—ces® X  giatx
o —
Example: Find sin @, cosa, and tan e if cos(2a) =-1/3 and 7 < 2a < 37/2. sSin & £
B 2, 1y 3T/, & re
S (@) = Aeos®x - | T < w < 374 < QIL CEC e e rive
\ 2y
-/3 = ees®o -\ S,‘mzo(+c/c>s7'ol= ( .
z . \ 2z = !
24 = A cos>o SinZo + (gg) =] s T
4 - 2 Nl + <L = l _ \E
/3 = cos” & .5 T 5T
= — 2

‘ | SIN*y
co%d:_gé: Sin o

Example: Find sina, cosa, and tane if sin(e/2)=4/5 and z/F<a/2< z/2.
Ta<x< T o< Gur  SIOX

it
4

2 (——) "‘oascx CScof are
a. PoS Ut ve
b)) 1
oL
1l - [=c¢osa %
ES) 2 N
A _
as [" ces A {.A_ D



